We investigate the general characters of fully entangled fraction for quantum states. The fully entangled fraction of Isotropic states and Werner states are analytically computed.
I. INTRODUCTION
Entanglement is a vital resource for some practical applications in quantum information processing such as quantum cryptography, quantum teleportation and quantum computation [1, 2] . One way to characterize the nonclassical property of quantum entanglement is to quantify the entanglement in terms of some measures, for example, entanglement of formation [3] , concurrence [4] , negativity [5] and geometric measure [6, 7] . However, in fact it is the fully entangled fraction (FEF) that is tightly related to many quantum information processing such as dense coding [8] , teleportation [9] , entanglement swapping [10] , and quantum cryptography (Bell inequalities) [11] . For instance the fidelity of optimal teleportation is given by FEF [12] [13] [14] . Additionally, the FEF in two-qubit system acts as an index to characterize the nonlocal correlation [15] and one can never determine whether a state is entangled or not through the Dür-Cirac method [16] , which is a simple and effective method for examining multiqubit entanglement, if the FEF is less than or equal to 1 2 . FEF also plays a significant role in deriving two bounds on the damping rates of the dissipative channel [17] . Since FEF has a clear experimental meaning, an analytic formula for FEF is of great importance. In [18] an elegant formula for FEF in two-qubit system is derived analytically by using the method of Lagrange multiplier. For high dimensional quantum states the analytical computation of FEF remains formidable and less results have been known. In [19] the upper bound of FEF has been estimated.
In this paper, we first present some properties of FEF and its relations with negativity, concurrence and geometric measure. Then we analytically solve the FEF for some classes of quantum states such as Isotropic states and Werner states.
II. PROPERTIES OF FEF
The FEF of a density matrix ρ in d ⊗ d Hilbert space is defined by [13, 14] 
where U (resp. I) is a unitary (resp. identity) matrix, |ψ
|kk is the maximally entangled pure state.
a ij |ij can be written in the standard Schmidt form,
where the Schmidt coefficients
The FEF of |ψ has been given in [21] ,
From Eq. (3) it can be seen that |ψ is separable if and only if
For pure states the FEF has direct relations with some entanglement measures. For instance, due to (|ψ ψ|)
can be expressed
, where T 1 stands for partial transposition with respect to the first space. The geometric measure [7] is defined by E(|ψ ) = 1 − Λ 
since
From Eq. (4) and the main result in [20] , we can obtain a relation between FEF and concurrence for mixed states, C(ρ) ≥ max{
(dF (ρ) − 1), 0}. For two-qubit states, using the relation between the entanglement of formation and the concurrence, one gets the relation between the entanglement of formation and FEF presented in [12] .
Most of the entanglement measures for a mixed state ρ are defined in terms of all possible pure state decompositions of ρ by convex roof, e.g. for concurrence C, C(ρ) ≡ min {p i ,|ψ i } i p i C(|ψ i ). A question one may ask is whether the FEF of a mixed state also has such property: . While for any other decompositions {p i , |ψ i } with |ψ i = α i |00 + β i |11 ,
Here we give a condition such that the equality holds in Eq. (4). 
Proof. We only need to prove the case n = 2. The cases n ≥ 3 can be similarly proved.
2 , U
2 |ψ + ).
Therefore
where
Similarly, we have U 
From Eq. (3) and Eq. (4) one can obtain that for any d⊗d mixed state ρ, if ρ is separable, 
a i = 1 due to the completeness of the eigenvectors {|φ i }. We have studied some properties related to the FEF. Before we compute analytically the FEF for Isotropic states and Werner states, we investigate another property that similarly studied for entanglement of formation, negativity, concurrence, geometric measure and qsquashed entanglement [22] .
Theorem 4 For two given pure states |φ 1 and |φ 2 , the FEF of their superposition |ψ = 1 γ (α|φ 1 + β|φ 2 ) satisfies:
Proof. By the definition of FEF we have
which gives the right hand side of Eq. (5).
Similarly, taking into account of |φ 1 = 
III. FEF FOR SOME CLASSES OF MIXED STATES
Generally for mixed states it is rather difficult to get analytical formulae for entanglement measures and FEF. Nevertheless for some special quantum states, elegant results have been derived. For instance, for the Isotropic state, entanglement of formation [23] , concurrence [24] and geometric measure [7] have been calculated explicitly. For the Werner state, concurrence [25] and geometric measure [7] have been investigated also. Now we calculate analytically FEF for such well-known mixed states.
Isotropic state Isotropic states [21] are a class of U ⊗ U * invariant mixed states in d ⊗ d
Hilbert space:
with f = ψ + |ρ iso (f )|ψ + satisfying 0 ≤ f ≤ 1. These states are shown to be separable if and only if they are PPT, i.e. f ≤ 1 d
. They can be distilled if they are entangled, which
By definition, the FEF is given by
If iii) For the case of df − 1 < 0 and d is odd, one has ,
if d is odd. Hence this formula tells us there exist entangled Werner states which are not useful for teleportation.
IV. CONCLUSIONS
We have explored some characters of FEF and analytically computed the FEF of several well-known classes of quantum mixed states. These results complement previous ones in this subject and may give rise to new application to the quantum information processing.
